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1. Introduction
Let G = (V, E) be a simple graph with vertex set V = V(G) = {v1, v2, . . . , vn} and edge set E =
E(G). The adjacencymatrixofG is defined tobe amatrixA(G) = [aij],where aij = 1 if vi is adjacent to vj ,
and aij = 0otherwise. The degreematrix ofG is denoted byD(G)= diag (dG(v1), dG(v2), . . . , dG(vn)),
where dG(v) or simply d(v) denotes the degree of a vertex v in the graph G. The matrix Q(G)=D(G)
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+ A(G) is called the signless Laplacian matrix (or Q-matrix) of G. Note that Q(G) is nonnegative, sym-
metric and positive semidefinite, so its eigenvalues are real and can be arranged as:
0  λ1(G)  λ2(G)  · · ·  λn(G).
We simply call the eigenvalues of Q(G) as the Q-eigenvalues of G, and refer the readers to [2–6] for the
survey on this topic. The eigenvalues λn(G) is exactly the spectral radius of Q(G); and there are many
results concerning this eigenvalue; see e.g. [10,14,16,17].
However, much less is known about the least Q-eigenvalue λ1(G) of a graph G, which is denoted
by λmin(G) in this paper. If G is connected, λmin(G) = 0 if and only if G is bipartite. So the con-
nected non-bipartite graphs are considered here. The very early work on the least Q-eigenvalue
can be found in [8], where the authors discuss the relationship between the least Q-eigenvalue
and the non-bipartiteness of graphs. Liu et al. [13] give some bounds for the clique number and
the independence number of graphs in terms of the least Q-eigenvalue. Fan et al. [9] minimize the
least eigenvalue among all nonsingular unicyclic mixed graphs in the setting of Laplacian of mixed
graphs. Their result can be applied to signless Laplacian of graphs directly. In a recent work, Lima
et al. [12] survey the known results and presents some new ones about the least Q-eigenvalue of
graphs.
In this paper, we investigate how the leastQ-eigenvalue of a graph changeswhen a bipartite branch
attached at one vertex is relocated to another vertex, and minimize the least Q-eigenvalue among the
class of connected graphs with fixed order which contains a given non-bipartite graph as an induced
subgraph. Our work also provides an easier and shorter way to rederive some known results on the
least Q-eigenvalue.
2. Perturbation of least Q -eigenvalue
A graph is called nontrivial if it contains more than one vertices. Denote by Pn : v1v2 · · · vn a path
on n vertices v1, v2, . . . , vn with edges vivi+1 for i = 1, 2, . . . , n − 1. Denote by Cn a cycle and Kn a
complete graph, both on n vertices.
Let x= (x1, x2, . . ., xn)T ∈Rn, and let G be a graph on vertices v1, v2, . . ., vn. Then x can be con-
sidered as a function defined on G, that is, each vertex vi is mapped to xi = x(vi). If x is an eigenvector
of Q(G), then it defines on G naturally, i.e. x(v) is the entry of x corresponding to v. One can find
that
xTQ(G)x = ∑
uv∈E(G)
[x(u) + x(v)]2, (2.1)
and λ is an Q-eigenvalue of G corresponding to an eigenvector x if and only if x = 0 and
[λ − d(v)]x(v) = ∑
u∈NG(v)
x(u), for each v ∈ V(G), (2.2)
whereNG(v) or simplyN(v) denotes the neighborhood of v inG. In addition, for an arbitrary unit vector
x ∈ Rn,
λmin(G)  xTQ(G)x, (2.3)
with equality if and only if x is an eigenvector corresponding to the least Q-eigenvalue λmin(G).
Let G1, G2 be two vertex-disjoint graphs, and let v1 ∈ V(G1), v2 ∈ V(G2). The coalescence of G1, G2,
denoted byG1(v1)G2(v2), is obtained fromG1, G2 by identifying v1 with v2 and forming a newvertex
u. The graph G1(v1)  G2(v2) is also written as G1(u)  G2(u). If a connected graph G can be expressed
in the form G = G1(u)  G2(u), where G1, G2 are both nontrivial and connected, then G1 is called a
branch of Gwith root u. Clearly G2 is also a branch of G in the above definition. Let x be a vector defined
on G. A branch H of G is called a zero branch with respect to x if x(p) = 0 for all p ∈ V(H); otherwise it
is called a nonzero branch with respect to x.
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2.1. Property of first Q-eigenvector
An eigenvector corresponding to the least Q-eigenvalue of a graph G is simply called the first
Q-eigenvector of G. We will give some properties about the sign and numerical value of the first
Q-eigenvectors of a graphwhich contains a bipartite branch (or particularly tree branch, path branch).
Lemma 2.1 [7]. Let G be a graph with minimum degree δ > 0. Then λmin(G) < δ. If, in addition, G
contains a pendant vertex (of degree 1), then λmin(G) < 1.
By Lemma 2.1, for a connected non-bipartite graph G containing a pendant vertex, we have
0 < λmin(G) < 1. (2.4)
Lemma 2.2. Let G be connected graph which contains a bipartite branch H with root u. Let x be a first
Q-eigenvector of G.
(i) If x(u) = 0, then H is a zero branch of G with respect to x.
(ii) If x(u) = 0, then x(p) = 0 for every vertex p ∈ V(H). Furthermore, for every vertex p ∈ V(H),
x(p)x(u) is either positive or negative, depending on whether p is or is not in the same part of the bipartite
graph H as u; consequently, x(p)x(q) < 0 for each edge pq ∈ E(H).
Proof. Let (U,W) be the two parts of the bipartite graph H, where u ∈ U. Assume that x is a unit
vector and x(u)  0. Let x˜ be the unit vector defined on G such that x˜(v) = x(v) if v ∈ V(G)\V(H),
x˜(v) = |x(v)| if v ∈ U, and x˜(v) = −|x(v)| if v ∈ W . We assert that x(p)x(q)  0 for each edge
pq ∈ E(H). Assumeto thecontrary thatH contains anedgepq such that x(p)x(q) > 0.Note that for each
edge vw ∈ E(G), [˜x(v)+ x˜(w)]2 ≤ [x(v)+ x(w)]2, and in particular [˜x(p)+ x˜(q)]2 < [x(p)+ x(q)]2.
So,
λmin(G) ≤ x˜TQ(G)˜x < xTQ(G)x = λmin(G),
a contradiction. By the above discussion, we find the vector x˜ defined as above is also a first Q-
eigenvector of G, which is nonnegative on one part of H and nonpositive on the other part.
To prove the result (i), we use the first Q-eigenvector x˜ of G instead as it differs to x only by signs
on some vertices of G. Suppose x˜(u) = 0 but x˜(w) = 0 for some w ∈ V(H). Let H′ be the compo-
nent of H − u that contains w. Let x̂ be the vector defined on G such that x̂(p) = −x˜(p) for every
vertex p ∈ V(H′) and x̂(p) = x˜(p) otherwise. Clearly, ||̂x|| = ||˜x|| and x̂TQ x̂ = x˜TQ x˜. So x̂ is also
a first Q-eigenvector of G. Since x˜(u) = 0, by considering the eigenvector equation of x˜ at u, we
have
∑
v∈NG(u)∩V(H′)
x˜(v) + ∑
v∈NG(u)\V(H′)
x˜(v) = 0.
Similarly, from the eigenvector equation of x̂ at u, we also obtain
∑
v∈NG(u)∩V(H′)
x̂(v) + ∑
v∈NG(u)\V(H′)
x̂(v) = 0,
and hence
− ∑
v∈NG(u)∩V(H′)
x˜(v) + ∑
v∈NG(u)\V(H′)
x˜(v) = 0.
Thus, we have
∑
v∈NG(u)∩V(H′) x˜(v) = 0, and hence x˜(v) = 0 for each vertex v ∈ NG(u)∩V(H′) by the
property of x˜. By considering the eigenvector equation of x˜ at an (arbitrary) vertex v ∈ NG(u)∩ V(H′),
we have x˜(q) = 0 for each vertex q ∈ NH′(v). Repeating the above discussion, we have x˜(p) = 0 for
all p ∈ V(H′), a contradiction.
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To prove part (ii), suppose x(w) = 0 for some vertex w ∈ V(H)\{u}. Considering the component
H′ of H − u that contains w, by a discussion similar to part (i), we have x(v) = 0 for each vertex
v ∈ NH′(w), and finally x(p) = 0 for all vertices p ∈ V(H′). Then x(u) = 0 by the eigenvector equation
of x at an (arbitrary) neighbor of u in H′, a contradiction. 
Lemma 2.3. Let G be a connected non-bipartite graph, and let x be a first Q-eigenvector of G. Let T be a
tree, which is a nonzero branch of G with respect to x and with root u. Then |x(q)| < |x(p)| whenever p, q
are vertices of T such that q lies on the unique path from u to p.
Proof. It suffices to prove the assertion for the case when q is next to p. First assume p is a pendant
vertex. Considering the eigenvector equation of x at p, we have [λmin(G) − 1]x(p) = x(q). The result
holds in this case as 0 < λmin(G) < 1 by (2.4).
Now suppose p is not a pendant vertex. By induction, assume that |x(v)| > |x(p)| for each v ∈
N(p)\{q}. By the eigenvector equation of x at p,
[λmin(G) − d(p)]x(p) =
∑
v∈N(p)
x(v).
Observing all x(v) for v ∈ N(p)have the same sign by Lemma2.2, by (2.4) and the induction hypothesis
we have
d(p)|x(p)| > |x(q)| + ∑
v∈N(p)\{q}
|x(v)| > |x(q)| + [d(p) − 1]|x(p)|,
which implies |x(p)| > |x(q)|. 
Wegivean illustrationof Lemma2.2andLemma2.3. LetGbeagraphas inFig. 1.UsingMathematica,
λmin(G) ≈ 0.198 with multiplicity 2, and two corresponding independent eigenvectors are listed in
bold type and in italic type, respectively.
Lemma 2.4. Let G be a non-bipartite connected graph, and let x be a first Q-eigenvector of G. Let Pk+1 :
vk+1vk · · · v1 (k ≥ 1) be a path, which is a nonzero branch of G with respect to x and with root vk+1. Then
for i = 1, 2, . . . , k,
x(vi+1) = fi(λmin(G))x(vi), −1 < fi(λmin(G)) < 0,
where fi(t) is defined recursively as follows: f1(t) = t − 1, fi(t) = t − 2 − 1fi−1(t) for i ≥ 2.
Proof. By Lemma 2.2 and Lemma 2.3, 0 < |x(vk+1)| < |x(vk)| < · · · < |x(v1)|. Let λ := λmin(G).
Considering the eigenvector equation of x at vi for i = 1, 2, . . . , k, we have
(λ − 1)x(v1) = x(v2), (λ − 2)x(vi) = x(vi−1) + x(vi+1), i = 2, 3, . . . , k. (2.5)
Fig. 1. An illustration of Lemma 2.2 and Lemma 2.3.
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We are going to establish x(vi+1) = fi(λ)x(vi) for i = 1, 2, . . . , k by induction on i. Noting that
0 < λ < 1 from (2.4), the claim holds obviously if i = 1. Consider any i ≥ 2 and assume that the
claim holds if i is replaced by i − 1. By (2.5) and the induction hypothesis,
x(vi+1) = (λ − 2)x(vi) − x(vi−1) = (λ − 2)x(vi) − 1
fi−1(λ)
x(vi) = fi(λ)x(vi).
From the above equality, we have |fi(λ)| < 1 as |x(vi+1)| < |x(vi)|. By Lemma 2.3, x(vi)x(vi+1) < 0,
so −1 < fi(λ) < 0 for i = 1, 2, . . . , k. 
We remark that the functions fi(t) in Lemma 2.4 have been used in [15] for discussing the minimal
Q-spectral radius.
2.2. Perturbation of least Q-eigenvalue
LetG = G1(v2)G2(u) andG∗ = G1(v1)G2(u) be, respectively, the left graph and the right graph
in Fig. 2, where v1, v2 are two distinct vertices of G1 and u is a vertex of G2. We say G
∗ is obtained
from G by relocating its branch G2 (with root u) from v2 to v1. In this section, we will discuss how the
least Q-eigenvalue of a graph changes when relocating a bipartite branch from one vertex to another
vertex. Similar results for the least eigenvalue of the adjacency matrix of a graph can be found in [11].
Lemma 2.5. Let G = G1(v2)G2(u) and G∗ = G1(v1)G2(u), where G1 is a connected graph containing
two distinct vertices v1, v2, and G2 is a connected bipartite graph containing a vertex u. If there exists a
first Q-eigenvector x of G such that |x(v1)|  |x(v2)|, then
λmin(G
∗)  λmin(G)
with equality only if |x(v1)| = |x(v2)| and dG2(u)x(u) = −
∑
v∈NG2 (u)
x(v).
Proof. Assume that x is a unit vector and x(v1)  0. Let (U,W) be the two parts of the bipartite graph
G2, where u ∈ U. Let x˜ be the vector defined on the vertices of G∗ such that x˜(v) = x(v) if v ∈ V(G1),
x˜(v) = |x(v)| + [x(v1) − |x(v2)|] if v ∈ U\{u}, and x˜(v) = −|x(v)| − [x(v1) − |x(v2)|] if v ∈ W .
Note that there is a one-to-one correspondence between the edge sets E(G) and E(G∗), that is,
the edge vv2 of G contained in G2 corresponds to the edge vv1 of G
∗ for each v ∈ NG2(u), and each
common edge of E(G) and E(G∗) corresponds to itself. Then for each edge vv2 ∈ E(G) contained in G2
(i.e. v ∈ NG2(u)), we have
[x(v) + x(v2)]2 = [|x(v)| − |x(v2)|]2 = [˜x(v) + x˜(v1)]2;
for each edge pq ∈ E(G2 − u),
[x(p) + x(q)]2 = [|x(p)| − |x(q)|]2 = [˜x(p) + x˜(q)]2,
where the first equality holds because by Lemma 2.2 we have either x(v) = x(v2) = 0 or x(v)x(v2) <
0, and the second equality holds by the definition of x˜. Obviously, for each edge pq ∈ E(G1),
[x(p) + x(q)]2 = [˜x(p) + x˜(q)]2.
Fig. 2. Relocating G2 from v2 to v1.
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Hence we have
x˜TQ(G∗)˜x = ∑
pq∈E(G∗)
[˜x(p) + x˜(q)]2 = ∑
pq∈E(G)
[x(p) + x(q)]2 = xTQ(G)x.
In addition, as x(v1) = |x(v1)|  |x(v2)|,
‖˜x‖2 = ∑
v∈V(G∗)
x˜(v)2 = ∑
v∈V(G1)
x(v)2+ ∑
v∈V(G2)\{u}
[|x(v)|+x(v1)−|x(v2)|]2 
∑
v∈V(G)
x(v)2 = 1.
By the above discussion, we have
λmin(G
∗)  ‖˜x‖−2x˜TQ(G∗)˜x  x˜TQ(G∗)˜x = xTQ(G)x = λmin(G),
and the equality λmin(G
∗) = λmin(G) holds only if x˜T x˜ = 1 and x˜ is a first Q-eigenvector of G∗, which
implies |x(v1)| = |x(v2)|, and dG2(u)x(u) = −
∑
v∈NG2 (u) x(v) by the eigenvector equations of x and
x˜ both at v2. The result follows. 
Corollary 2.6. Let G = G1(v2)  S(u) and G∗ = G1(v1)  S(u), where G1 is a connected non-bipartite
graph containing two distinct vertices v1, v2, and S is a nontrivial star with the center u. If there exists a
first Q-eigenvector x of G such that |x(v1)| > |x(v2)| or |x(v1)| = |x(v2)| > 0, then
λmin(G
∗) < λmin(G).
Proof. By Lemma 2.5 we have λmin(G
∗)≤ λmin(G) and with strictly inequality if |x(v1)|>|x(v2)|. So
suppose |x(v1)| = |x(v2)|>0. By Lemma 2.5 again, the equality λmin(G∗)= λmin(G) occurs only when
dS(u)x(u) = −
∑
v∈NS(u)
x(v). (2.6)
Noting that 0 < λmin(G) < 1 from (2.4), by the eigenvector equation of x, for each v ∈ NS(u),
x(v) = [λmin(G) − 1]−1x(u). Now the equality relation (2.6) becomes
dS(u)x(u) = −dS(u)[λmin(G) − 1]−1x(u),
which implies x(u) = 0, a contradiction. 
Corollary 2.7. Let G = G1(v2)  P(u) and G∗ = G1(v1)  P(u), where G1 is a connected non-bipartite
graph containing two distinct vertices v1, v2, and P is a nontrivial path with the end vertex u. If there exists
a first Q-eigenvector x of G such that |x(v1)| > |x(v2)| or |x(v1)| = |x(v2)| > 0, then
λmin(G
∗) < λmin(G).
Proof. By Lemma 2.5 we have λmin(G
∗) ≤ λmin(G) and with strictly inequality if |x(v1)| > |x(v2)|.
So suppose |x(v1)| = |x(v2)| > 0. By Lemma 2.5 again, the equality λmin(G∗) = λmin(G) occurs only
when x(u) = −x(w), where w is the neighbor of u on the path P. The latter is impossible by Lemma
2.3 as P is a nonzero branch of G with respect to x. 
Corollary 2.8. Let G be a nontrivial non-bipartite connected graph, and let Gk,l be the graph obtained by
coalescing G with two paths Pk+1 and Pl+1 by identifying an end vertex of Pk+1 and an end vertex of Pl+1
both with the same vertex of G. If k  l  1, then
λmin(Gk,l)  λmin(Gk+1,l−1),
with strict inequality if x(v) = 0, where x is a first Q-eigenvector of Gk,l , and v is the vertex of G at which
the paths Pk+1 and Pl+1 are attached.
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Proof. Denote Pk+1 : vk+1vkvk−1 · · · v1 and Pl+1 : ul+1ulul−1 · · · u1, where vk+1, ul+1 are identified
with the vertex v of G. Let x be a first Q-eigenvector of Gk,l . If x(v) = 0, by Lemma 2.2, Pk+1 and Pl+1
are both zero branch with respect to x. Deleting the edge u1u2 and adding a new edge u1v1, we arrive
at a graph Gk+1,l−1. By Lemma 2.5 we have λmin(Gk,l)  λmin(Gk+1,l−1).
If x(v) = 0, then Pk+1 and Pl+1 are bothnonzero brancheswith respect to x.Wewill prove |x(v1)| >|x(u2)|, and consequently the result follows from Lemma 2.5 by replacing the edge u1u2 by a new edge
u1v1. If k = l, by symmetry, we may assume |x(v1)| ≥ |x(u1)|. Thus we have |x(v1)| ≥ |x(u1)| >|x(u2)| by Lemma 2.3. Now assume k > l and denote λ := λmin(Gk.l). By Lemma 2.4, we have
x(v) = fk(λ)fk−1(λ) · · · f1(λ)x(v1) = fl(λ)fl−1(λ) · · · f1(λ)x(u1),
where fi(x) is defined as in Lemma 2.4, and −1 < fi(λmin) < 0 for 1 ≤ i ≤ k. Then,
x(v1)fl+1(λ) · · · fk(λ) = x(u1),
and |x(v1)| > |x(u1)| > |x(u2)|. 
3. Applications
Agraph is called aminimizing graph in a class of graphs if its leastQ-eigenvalue attains theminimum
among all graphs in the class. In this section, we will apply the results in Section 2 to characterize the
minimizing graph in a certain class of graphs. We need the following lemma.
Lemma 3.1 [1]. Let G be a graph of order n containing an edge e. Then
λ1(G − e)  λ1(G)  λ2(G − e)  λ2(G)  λ3(G − e)  · · ·  λn(G − e)  λn(G).
Let H be a connected non-bipartite graph of order r ≥ 3. Denote by G(H, n) the set of connected
graphs of order n > r which contain H as an induced subgraph.
Theorem 3.2. Let H be a connected non-bipartite graph of order r ≥ 3. If G is a minimizing graph in
G(H, n), then G is obtained by coalescing H with the path Pn−r+1 by identifying one of its vertices with an
end vertex of the path.
Proof. Assume H has vertices v1, v2, . . . , vr . By deleting some edges from G, if necessary, we obtain a
spanning subgraph G′ of G, which belongs to G(H, n) andwhich has no cycles except for possibly those
in H. Then there exist vertex-disjoint trees Ti of order ni containing vi, for i = 1, 2, . . . , r, such that
V(Ti)∩ V(H) = {vi} and G′ is the union H ∪ T1 ∪ T2 ∪ · · · ∪ Tr . By Lemma 3.1, λmin(G) ≥ λmin(G′). As
G is a minimizing graph in G(H, n), λmin(G′) = λmin(G) and G′ is also a minimizing graph in G(H, n).
Let x be a unit first Q-eigenvector of G′. First, note that there exists at least one i, 1  i  r, such
that x(vi) = 0; otherwise, by Lemma 2.2, each Ti, 1  i  r, is a zero branch of G with respect to x,
and it follows that x is the zero vector, which is a contradiction.
Next, we contend that if x(vi) = 0, then the tree Ti must be the path Pni with vi as an end vertex.
Otherwise, Ti contains a vertex v = vi with dTi(v)  3 or Ti is obtained by attaching two ormore paths
at vi. For the former case, noting that x(v) = 0 as v lies on the nonzero branch Ti of Gwith respect to x,
we can obtain a graph in G(H, n) with smaller least Q-eigenvalue by Corollary 2.8. For the latter case
we also obtain a graph in G(H, n) with smaller least Q-eigenvalue by Corollary 2.8.
Now we want to show that there does not exist a nontrivial tree Tj attached at vj , 1  j  r, such
that x(vj) = 0. Otherwise, by Lemma 2.5, relocating the tree Tj from vj to vi for some i for which
x(vi) = 0, we obtain a graph in G(H, n) with smaller least Q-eigenvalue.
By the above discussion, each nontrivial tree Ti is a path with vi as an end vertex, and x(vi) = 0.
Suppose there exist twodifferent nontrivial trees (paths), say Tj, Tk , attached toH at vj, vk , respectively.
Without loss of generality, assume |x(vj)|  |x(vk)| > 0. Then by Corollary 2.7, we obtain a graph in
G(H, n) with smaller least Q-eigenvalue by relocating the tree Tk from vk to vj .
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We have shown that G′ is the graph obtained by coalescing H with the path Pn−r+1 by identifying
one of its vertices, say u, with an end vertex of the path. Furthermore, Pn−r+1 is a nonzero branch of
G′ with respect to x. For any vertex v ∈ V(H)\{u}, |x(v)| < |x(u)|; otherwise, noting that |x(u)| > 0,
by Corollary 2.7, we will arrive at a graph in G(H, n)with smaller least Q-eigenvalue by relocating the
path Pn−r+1 from u to v. In addition, if denoting Pn−r+1 : uw1w2 · · ·wn−r , then |x(u)| < |x(w1)| <|x(w2)| < · · · < |x(wn−r)| by Lemma 2.3.
We contend that G′ is equal to the original graph G. Suppose not. Then E(G)\E(G′) = ∅. Let y be a
unit first eigenvector of G. Then
λmin(G) =
∑
uw∈E(G′)
[y(u) + y(w)]2 + ∑
uw∈E(G)\E(G′)
[y(u) + y(w)]2
≥ ∑
uw∈E(G′)
[y(u) + y(w)]2
≥ λmin(G′).
But λmin(G) = λmin(G′), so y is also a first Q-eigenvector of G′, like x, and y(u) + y(w) = 0 for each
edge uw ∈ E(G)\E(G′). It follows that y shares with x the above-established property of x concerning
its components, that is, |y(u)| > |y(v)| for any v ∈ V(H)\{u}, and |y(u)| < |y(w1)| < |y(w2)| <· · · < |y(wn−r)|. So,we have y(u)+y(w) = 0 for any edge uw ∈ E(G)\E(G′), which is a contradiction.
This implies E(G)\E(G′) = ∅, and G is exactly the graph G′. 
In Theorem 3.2, if H is vertex-transitive, then the minimizing graph in G(H, n) is unique, up to
isomorphism of graphs. In particular, when H is a complete graph of order greater than 2 or an odd
cycle, we have the following results.
Corollary 3.3. Among all connected graphs of order n with clique number r (3 ≤ r < n), the graph
obtained by coalescing the complete graph Kr with the path Pn−r+1 by identifying one of its vertices with
an end vertex of the path, is the unique minimizing graph.
Corollary 3.4. Among all connected graphs of order n with odd girth r (3  r < n), the graph obtained
by coalescing the cycle Cr with the path Pn−r+1 by identifying one of its vertices with an end vertex of the
path, is the unique minimizing graph.
Corollary 3.5 [9]. Among all connected unicyclic graphs of order n with an odd cycle Cr (3  r < n), the
graph obtained by coalescing the cycle Cr with the path Pn−r+1 by identifying one of its vertices with an
end vertex of the path, is the unique minimizing graph.
Cvetkovic´, Rowlinson and Simic´ [2] posed the following conjecture: ifG is a connected non-bipartite
graph of order n ≥ 4, then λmin(G) ≥ λmin(E3,n−3), where E3,n−3 is the graph in Corollary 3.4 by
taking r = 3. The conjecture was established by Cardoso and the proposers [1]. They first show an
optimal graph for the problemmust have girth 3, and then take considerably more work to prove that
the optimal graph should be E3,n−3. Now by Corollary 3.4, the conjecture is easily confirmedwhen we
know the optimal graph has girth 3.
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